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Abstract The long-range order and intrinsic entanglement of polymer play a crucial role in crystallization and the corresponding melting relax-
ation which, however, are rarely treated as a form of symmetry. In this work, a field model is developed based on a self-avoiding random string
with open ends, where time dimension for string vibrations is added and the dynamics of chain vibrations is captured by a ¢4 theory with O(N)
symmetry. The long-range order triggered by crystallization is referred to the scalar's breaking in grand canonical ensemble, while entanglement
is considered as a geometric dynamic effect in absence of closed loops, rather than chain topology. For the entanglement, there are interactions
among the replica scalar's components via the gauged O(N) symmetry. The infrared stability at d = 3 + 1 requires N=2, thus the gauge-scalar
theory is reduced to Coleman-Weinberg model in the rest frame. The finite-temperature effect causes the second-order phase transition related
to scalar's breaking to become first-order with a metastable region, depending on the gauge coupling g. These modeling results are helpful in un-
derstanding the crystallization and melting behavior of polymer, including the difference of the extrapolated temperatures in Gibbs-Thomson

equation, and the re-entanglement and the vanishing of long-range order in melt relaxation.
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INTRODUCTION

The thermodynamics of semi-crystalline polymer is crucial for
disclosing crystallization mechanism and predicting the crystal-
lite structures, which are of great importance to polymer mate-
rial engineering. However, the microscopic dynamics of poly-
mer has not attracted enough attention yet and the corre-
sponding symmetry-conservation paradigm is not sufficiently
explored in polymer crystallization. Meanwhile, the intrinsic en-
tanglement of polymer is rarely addressed from the perspective
of conserved dynamics. In addition, the long-range order and
entanglement couple to affect the crystallized system via the
spontaneous symmetry breaking (SSB) in polymer, in which the
ground states of the dynamics are not invariant under the glo-
bal symmetry. Actually, as an important mechanism, the SSB has
been shown to interpret many physical behaviors, such as the
condensation of the ordered phase in spin system, the forma-
tion of superconductor and superfluid, electroweak phase tran-
sition and appearance in the Higgs mechanism to give particles
their masses.['”

The crystallized polymer's melting behavior could reflect
the influence of crystallization on the condensed state of
polymer. There are two distinct perspectives that illustrate a
long-range order related to the symmetry and the entangle-
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ment. One is the Gibbs-Thomson relation from crystallization
to final melting and the other is the melt relaxation. However,
the entanglement is regarded as the local gauge degree of
freedom (d.of.) behind the symmetry of the long-range or-
der.

The Gibbs-Thomson equation as a benchmark®! that de-
scribes the relationship between lamellar thickness and un-
dercooling, was proposed based on the classical nucleation
kinetics and developed into the second-nucleation kinetics
with expanded sample space.*-7! As described by this equa-
tion, the temperature is linearly related to the reciprocal of
lamellar thickness. This linear relationship is available for both
crystallization and melting processes. However, the corre-
sponding extrapolated temperature T°° for the infinite lamel-
lar thickness are different between crystallization and melt-
ing processes, of which the crystallization displays a higher
T% than melting line but is the same with the recrystalliza-
tion. Extrapolating infinite crystal size leads the two-phase
system to reach its thermodynamic limit, where the decreas-
ing of T° shows the existence of a first-order phase transi-
tion explicitly.

What is more peculiar is that this variation of 7*° could not
be observed in system with a-relaxation,®! where the seg-
mental transport leads to chain motion to traverse crystals
and the supercooled amorphous melt.”] In this case, the or-
dering process is either a higher-order phase transition or is
completed in crystallization. On the other hand, this ob-
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served 77 difference attributed to a-relaxation reflects the
dynamic property of amorphous phase. It was argued that
this 77 difference was associated with the disentanglement
by a-relaxation.['9-131 However, it was also found that in
poly(propene-co-1-octene) copolymers that as 1-octene in-
corporation increased, the crystallization line remained un-
changed while the melting line shifted downwards. It is
known that the octene co-units with long pendant groups
enhance the entanglement without incorporating into the
lattice.'¥! This means that the entanglement has a similar in-
fluence on both crystallization and melting lines, which is in-
consistent with the above case of unchanged crystallization
line but decreased melting lines. Thus, entanglement seems
not to act as the primary factor responsible for the discrepan-
cyof T,

For the Gibbs-Thomson equation, another important fac-
tor is the slope, interpreted as the surface energy of chain
folding structures between the lamellar and the amorphous
region.[>151 The chain folding and extension at the interface is
often regarded as a local order parameter for the segment
orientation. The chain extension happens during recrystalliza-
tion and melting accomplished with crystalline perfection.
However, it was reported that in a-relaxation crystals, recrys-
tallization did not happen at sufficiently high crystallization
temperatures upon heating,['® indicating that chain folding
at the crystal/amorphase boundary is not a local order but a
global orientation in the whole system. This inference is sup-
ported by experiments and simulations. The folding structure
suddenly arises as soon as the nucleus formation, indepen-
dent of the degree of polymerization and temperature.['7-21]
The chain folding can be also observed prior to the begin-
ning of crystallization.!?2 In addition, the long-range order ap-
pears in the late period with the continuously increased crys-
tallinity.[23! Actually, this folding behavior at the interface was
studied in Gambler's ruin model,[24-261 where the segment
configuration at the interface resulted from the chain's ran-
dom walk. Therefore, the global orientation referred to as
long-range order should be responsible for the variation of

In addition to the Gibbs-Thomson equation, the coupling
of entanglement and long-range order could be reflected by
the melt relaxation into isotropic and homogeneous state. A
two-mode decay processi?’28] and two temperature domains
of lla and llb divided by self-seeding temperature T,2°] were
observed. The fast relaxation and domain llb were attributed
to re-arrangement of ordered segments?’l and un-melted
crystals,2%! while the slow one and domain lla were attribut-
ed to the relaxation of the long-range order.B% However, the
slow relaxation is controlled by the long-chain dynamics
through the chain reptation,3% measured by the longest re-
laxation time.B™! The longest relaxation time decreases non-
linearly below T, and exhibits classical diffusion behavior
above T,.2% According to the Doi-Edwards theory,32 the en-
tanglement is a geometric constraint that chain's motion is
bounded in a tube. The re-entanglement corresponded to
tube reformation occurs rapidly below T, compared with the
slow relaxation of long-range order. Thus, the entanglement
is distinct from the long-range order.

So far, there are some investigations performed to model

the thermodynamics of crystallized polymer.33-381 In these
models, the free energy was divided into three parts includ-
ing crystal, melt and interface, which varies in calculating the
entropy of entangled supercooled melt and the interface. Not
only a comprehensive model of entanglement but also the
consideration of long-range order related to the symmetry of
polymer were lacking. Ryan and Olmsted®*?! considered the
long-range order to explain the spinodal decomposition be-
fore crystallization. In this work, the Landau free energy also
considers crystal and melt, but the chain conformation, where
an order parameter n for the chain orientation was intro-
duced. n ranges from 0 to 1 continuously for random coil
conformation at zero temperature and helix chain conforma-
tion at infinite temperature, and obeys a canonical distribu-
tion n = tanh(BE/2), where E = Ey + vp + Ap™ with p and p*
being the average density and the crystal density, respective-
ly. This n-related term leads to two identical minima of the to-
tal free energyB® at critical temperature for v > 0, indicating
the phase separation of first order, which is typical SSB.

Similarly, Yakuninl“l noticed this broken symmetry in neck-
ing process and based on the O(N)-¢4 universal class of the
self-avoiding walk (SAW),1442] investigated the critical behav-
ior associated with orientation of polymer. In that work, an
analogy was made between polymer and spin system, where
the self-repulsive interaction corresponds to the coupling be-
tween neighboring spins and the external field plays the role
of an external magnetic field. The d.of. stands for the spin
number of closed loops and the dimensionality of the walk is
given by the critical exponent. A appearance of magnetiza-
tion-like order parameter is caused by crystallization in the
necking process as external field. This orientation is a second-
order phase transition indicated by the divergent effective
susceptibility, leading to the argument that the combination
of first- and second-order transition observed in the necking
process was attributed to spontaneous gauge symmetry
breaking or known as the Higgs-Anderson mechanism (ie.,
the mass generation of W/Z bosons by a broken scalar dou-
blet in electroweak interaction, where SU(2) x U(1) breaks in-
to U(1); and U(1)ey, breaks into Z,). He thought that the exter-
nal field was analogous to the magnetic field, and the electro-
magnetic field was the U(1) gauge field, thus the external
field acting on the ends of polymer was a gauge field. How-
ever, it should be noticed that SSB is not spontaneous gauge
symmetry breaking. The gauge invariance is not broken and
the the external field is even not an intrinsic d.o.f. in his theo-
ry, nor in the theory of SAW where no U(1) or SO(N) gauge
field was incorporated.

Actually, Yakunin's idea that the external field acting on the
ends of polymer is a gauge d.o.f. is consistent with the string
theory that the gauge d.o.f. emerges from the boundary con-
ditions of the string.[*3] A walk is a random string in Euclidean
three-dimension space but without time-like direction. Fur-
thermore, the gauge d.of. coincides with the concept of en-
tanglement that the gauge fields can be used to construct
non-local observables which are vital in the topological field
theory, for the writhe, winding and twine of close loops and
links.*4451 Meanwhile, the mass generation of gauge field in
SAW has rich physical meaning. The mass of scalar corre-
sponds to the connectivity of the polymer (m) and it is small
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due to the polymer's considerable degree of
polymerizationl*s] Therefore, the tree-level mass of gauge
field through SSB of scalar is connected to another character-
istic length which reflects properties of entanglement. In ad-
dition, the topological term at d=3 brings the gauge field an-
other mass that does not contradict with the gauge invari-
ance.*4471 So far, there was one formulation of the SAW theo-
ry to incorporate gauge invariance to explain the entangle-
ment for open chains without close loops,“8 where Chern-Si-
mons (CS) terms were introduced for the winding and twine
of two chains, and gave a modification of A°¢° term to the ef-
fective potential. However, the linking number is not a topo-
logical invariant for two intertwined open chains at dimen-
sions d = 3 + 0. Then, Ferrari* studied links of closed self-
avoiding loops to avoid this problem.

In addition, it was disclosed in Ferrari's work[*8] that the
complex scalar was used for constructing U(1) gauge, which
was in contradiction with the O(N) symmetry brought by
replica trick.[*6] CS terms also can not be kinetic terms of
gauge fields,8! as the theory is formulated in Euclidean space
at d = 3 + 0 and the CS term is imaginary and appears only as
a phase factor. Interestingly, simulation results?859 showed
that the entanglement density depends on the temperature
and the radius of gyration of a single chain increases and the
distribution broadens with elevated temperature, following
X* o TI51 Moreover, it is known that in Doi-Edwards' tube
model, an important assumption is that the tangent vector
along contour coordinate u = 9,X satisfies the equivalence
between the time and contour coordinates as expressed pre-
viously by u(s + As, t) = u(s, t + At).B2 It is reasonable to intro-
duce the time dimension into the theory since SAW depends
only on s and lacks dynamics. In this case, the periodic bound-
ary condition in time can be induced by finite temperature.’>?!
The extension is straightforward that in the presence of time,
the assumption of random walk along s is still valid due to
large degree of polymerization, remaining the linearity of the
time-derivative unaffected.

In this work, the gauge d.o.f. is incorporated to dynamic
SAW by localizing the global O(N) symmetry. This solves the
problem that as a long-range order is necessary for bulk poly-
mers, there is no conserved charge and particle number due
to N = 0. Moreover, the renormalization of the induced SO(N)
scalar-gauge theory fixes the number the scalar's compo-
nents by N=2 and determines the value of coupling con-
stants, which is crucial to the type of phase transition related
to the long-range order. To study this phase transition caused
by crystallization at high temperature and in massless limit
(infinite-long chain assumption),l242 the effective potential at
one-loop order is obtained in the grand canonical ensemble,
where the chemical potential uy representing the crystalliza-
tion effect, gives rise to the excited particles and leads to SSB.
The Gibbs free energy density can also be successfully de-
rived from the derivative of effective potential with respect to

u.
MODELING AND RESULTS

The Scalar-gauge Theory from SARS
It was proposed by Edwards et al* that for the SAW embed-

ded in R? at 1 + 0 dimension in vacuum and good solvent, the
Hamiltonian (H) is given by

o 3 11 201 22 A o0
g = lim [ x50 + 3m' s+ 2] )
The mass in quadratic term corresponds to the connectivi-

ty by Laplace transformation dLe_mzL, while A>0 in the

quartic term is the coupling conostant for self-repulsion inter-
action derived from a Dirac § function-like potential. ¢ is a
real N-component scalar with N = 0 brought by replica trick,
which leads to a subtle global O(N) symmetry promoted from
Z,. B is the reciprocal temperature (8 = 1/T). In the massless
limit, i.e., the infinite long chain approximation, the SSB in-
duced by thermal corrections is known as the Coleman-
Weinberg mechanism or dynamic SSB.I'46:52] This model is in-
valid for concentrated solution and bulk polymer, where the
self-repulsion interaction is screened as A - 0 and the entan-
glement dominates. However, the effective theory for bulk
system is still quartic,[“®! implying that the original field theo-
ry can be modified for concentrated solution and bulk.

The ¢4 theory of SAW was often referred to the Landau-
Ginsberg model. However, the ¢4 theory has no gauge d.of,
while the complex scalar is coupled to the U(1) gauge field in
the Landau-Ginsberg model. Also, the SAW theory given by
Eqg. (1) has no explicit time or temperature dependence, while
the Landau-Ginsberg model is a statistical field theory (d=3).
When temperature or time is considered, the later is exactly
the Coleman-Weinberg model (d=3+1) in Euclidean
space.l'l Next, it can be seen that once time dependence is in-
cluded and the O(N) symmetry is gauged, the renormaliza-
tion group (RG) drives the SAW ¢4 theory precisely to the
Coleman-Weinberg model. The action

T :
So = f/dtds\/—detg g® 0aX 3pX; )

with flat metric g = diag(—1, 1) and finite length s € [0, L] de-
scribes the free string embedded in Euclidean space X € RY.
The string flexibility is determined by its tension T. As expected,
. . . -1 P 2 2ad .
the string tension satisfies T, = ¢ = (E) = where cis
the sound velocity of the string, k is the stiffness coefficient, b is

a characteristic length, and p is the mass density. The bending
rigidity a is derived from the free energy composed by quadrat-
ic terms of the normal vector aﬁx.m Note that b is not the ap-
parent persistence length /, depending on temperature, and a
equals /,T by high-temperature in the long-chain approxima-
tion.!) The integration over imaginary time in the action is off-
set by a, so the end-to-end distance measured in the bulk re-
mains independent on T. This action is continuous version of
Rouse dynamics without the random force and periodic bound-
ary condition.!

The self-repulsion potential for the interaction is intro-
duced by

S = —%/dt/dsds' 6(d)(X(s) -X(s") = —g/dtds ViX(s)] 3

where u measuring the excluded volume strength and [u] =
3 —d. Thus a simple model is constructed by S = S, + S, satisfy-
ing the random walk along s,

https://doi.org/10.1007/510118-026-3590-0
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d 2 -1 1 2
- / dsdt =2 (0" & (6710, - 573) (@)

which is referred to as the action of the self-avoiding random
string (SARS). By Wick rotation, t - —it, S = Sg, the Euclidean
action for the bosonic string is

Se=3 / drds (0,X)” + (X" + 5 / ddsV[x(s)]  (5)

and the partition function is
z-= / DXe™ (6)
P

where T € [0, 8] is the imaginary time and the subscript P de-

notes the path integral over periodic boundary configurations

with X(s, B) = X(s, 0).

The two-point Green function G[X(s, 1), X(s', )] satisfies

(-2add2 + ‘%a 9 — %jvi)c;[x(s, 1), X(s, 7)] )
= 89X =X)8(s —s)o(r—7)

which allows to construct the Hilbert space describing the prop-

agation by Sg between the string' ends, |X(s, 7)) € #. Thus, the

Green function can be rewritten into the inner product

G[X(s,7), X(s, )] = (X(s, T')|X(s,7))s. and can be expressed in

an alternative representation,

(| Z'e* ) =2 [ pe g, ¥)gix 1) = 0l TH o) (8)
where by inserting the unit operator l=/®¢|¢) (4| and

(X|14) = #(X), ¢" = ¢ into the path integral with (0] for the vac-
uum state generated by S[4]. The field operator is real and has
the dimension d—1/2 and the periodic condition along T,
#(x, 0) = ¢(x, B), the same with the bosonic string. It is a scalar
singlet with Z, symmetry.

To convert the self-repulsion interaction into the field theo-
ry form, the Hubbard-Stratonovich transformation is intro-
duced to bring the auxiliary field and a related determinant
factor appearing in the denominator.*¢! Next, the derivative
respect to s is replaced by m’ by the Laplace transformation.
Applying replica trick to the denominator and integrating out
the auxiliary field, the Lagrangian can be obtained as follows

£c = lim ad(3.g)” + S(00)" +2am’¢ + () ()
N
where the replica scalar field ¢ = (¢;, 45, ..., dy), ¢ = ZH ¢,2
with [¢] = 1, [u] = 0 at d = 3.Then assigning
x->d'x
m’jd -» m’
uf/16ad - A/4!
2a/d"" =k
the Lagrangian becomes

2

1 1 A
LE = E(GEqﬁ)z + §m2¢2 + m(¢2) (1 1)

and the partition function is
_l/ L
Z=Iim/D¢th" ‘ (12)
N-0_J p

The original Z, symmetry is promoted to O(N) symmetry.
Now Eq. (11) is the field theory of the oscillating self-avoiding
random string.

Because of the appearance of the long range order, a sub-
stantive conserved charge in the bulk is required. This means
that the limit N = 0 is no longer valid; instead, the theory re-
quires N = 2. Furthermore, extending the global O(N) symme-
try into a local gauge one gives rise to additional coupling
among replica components. After a Wick rotation backward
to the dynamics, the Lagrangian is

1 1 2 1 2, A a0

L= —ETF(FHVFW) - E(DH¢) - Em - E(¢ ) (13)
where D, =9, — igA;t® is covariant derivative and t* = iT" is
the pure imaginary generator of the fundamental representa-
tion of SO(N) group. The coupling constant g represents the
strength of gauge interaction. As for tr(F*F,,) = Fo,F**"tr(t°t°),

. a a bc 5b sc

thbec field strength tensor is Fy, = 9,A; — 0,A;, + gf* “A,A; . Here
> € R is the group structure constant. The partition function
becomes

Z=/DAD¢ &® (14)

in natural units (h=c=k=1). Let g V2g, A— A/\2, and
choose C(N) =1 for the trace normalization of SO(N), the La-
grangian becomes

L= —p(P"F) - 200 —amie - A(#F (9)
The standard formation of SO(N) scalar-gauge theory is
now obtained with g and A both dimensionless at d =3+ 1.
This theory is nonrelativistic for bulk polymers in the rest
frame, where ¢ = 1 stands for the sound velocity and ¢ only
has translation invariance and spatial rotation invariance be-
sides the O(N) symmetry. Therefore, the conservation of ener-
gy, momentum, and particle number ensures the validity of
using the grand canonical ensemble in the next sections.

Renormalization Group

Both coupling constants g and A should not be extremely large
in the bulk, then the perturbative method of renormalization is
applicable. The renormalization is performed at zero tempera-
ture, since the possible topological term does not influence the
dynamics in the bulk at d = 4.4 Faddeev-Popov procedure is
used for gauge fixing in the Feynman gauge, and one-loop dia-
grams are calculated with counterterms. Then, the B-function is
obtained!"! by using the identities among these one-loop coun-
terterms and the property of lie algebra SO(N). The B-functions
are

_NIN+8) 4g’(N-1)(3g"-A)

A 9(4m)? (4m)? 1o
Blg) = —;Ty[%w—z)— 1§] (17)

Comparing with the ungauged theory, an additional term
4g°(N - 1)(3g° - A)
(4n)?
scaling law of the random walk indicates an almost free be-
havior widely observed within the bulk polymer system,
where the repulsive interaction along the contour is screened
by adjacent monomers, i.e.,, A < 1, and the repulsion length
scale is of order < b. This additional term accounts for the
strengthened screening of A with 3g2 > A for N = 2, implying

appears in B(A). It is known that the 1/2

https://doi.org/10.1007/510118-026-3590-0
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that g should be larger than A, that is to say, the entangle-
ment becomes much stronger than the repulsion.

For N > 2 and B(g) < 0, only one scalar species contributes
1/3, implying asymptotic freedom in the U.V. regime, and
large N reinforce the ultraviolet freedom of the theory. The
asymptotic freedom seems satisfactory, which leads to free
behavior with interaction in short distance, while chains are
disentangled in short distance and the entanglement be-
comes stronger in large distance. However, the asymptotic
freedom will also lead to the unexpected problem of charge
confinement and charged bosons.

On the other hand, it can be indicated from the B functions
that coupling constants do not flow to any nontrivial fixed
point at d =4. However, with small e-expansion, i.e. the
spacetime dimension d shifting to e=4—-d <« 1,[ the B-

functions are also shifted by —e% and —;g, which yields

renormalization group (RG) flows in the (A, gz) plane.

For N> 2, B(g) < 0 causes the Gaussian fixed point g =0
toward U.V., while A admits the usual Wilson-Fisher fixed
point in .R. However, g grows toward |.R. and affects A signifi-
cantly. For the weak coupling, only the linear terms are domi-

nant, so B(g) = —%g and B(A) ~ €A, and the flow of (), g%)
approaches (0,0), the Gaussian fixed point in the U.V. For
g = 0, gauge interactions are not even included, regardless of
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0.5

whether in the U.V. or LR. regime, thus it should be aban-
doned. When g becomes non-negligible in the L.R. regime, the
g-dependent contribution to B(A) is approximately propor-
tional to g*(3g” — A). This alters the A-flow and its fixed-point
structure obviously, driving the system into the strong-cou-
pling regime beyond one-loop order, which exceeds the va-
lidity of perturbation method.

Therefore, N = 2 is required to maintain the L.R. stability of
the theory at one-loop order. In this case, the scalar-gauge
theory reduces to the Coleman-Weinberg model, i.e., scalar
QEDI" without the Lorentz symmetry. The RG flow for N = 2 is
shown in Fig. 1. The RG flows toward two distinct |.R. stable
regimes and the area of 92 > A enlarges with increasing ¢,
reflecting the much stronger gauge interaction for the entan-
glement compared with the repulsion among monomers.
This explains the almost free behavior with small A and the
entanglement-dominant interaction in bulk polymer.

In addition to infrared stability, the assignment of N=2 is
also based on the physical interpretation of the conserved
SO(N) charge with charge confinement for N>2. According to
Eqg. (8), the physical states correspond to the ends of the
string, thus the associated conserved charge represents the
ends' number. Within a finite volume, this charge equals to
the net flux across the boundary, accounting for chains exit-
ing through extension at the interface. As a result, the bound-
ary configurations of chain folding/extension emerge to man-
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Fig. 1 The renormalization group flow of the Coleman-Weinberg model at d = 4 — €, shown in subplots for € being (a) 0.001, (b) 0.01, (c) 0.1,

and (d) 1.

https://doi.org/10.1007/510118-026-3590-0


https://doi.org/10.1007/s10118-026-3590-0
https://doi.org/10.1007/s10118-026-3590-0
https://doi.org/10.1007/s10118-026-3590-0
https://doi.org/10.1007/s10118-026-3590-0
https://doi.org/10.1007/s10118-026-3590-0
https://doi.org/10.1007/s10118-026-3590-0
https://doi.org/10.1007/s10118-026-3590-0

6 Zhou, M. et al./ Chinese J. Polym. Sci.

ifest charge conservation.

Since local folding/extension are also observed, especially
in the samples exhibiting a-relaxation,['9-12:54-60] the corre-
sponding charge cannot be confined. Otherwise, only charge
singlets are physically accessiblel'¢'1 and the local folding/ex-
tension events can not be observed. Moreover, for N > 2, the
gauge bosons carry the same charge as the scalar due to
¢ £ 0, while the experimental results showed that the en-
tanglement is dynamical and not conserved. It is indicated
that the gauge field should not contribute to the conserva-
tion of the particle number of the scalar.

The Effective Potential at Finite Temperature

The infinite-long chain and high-temperature approximation,””
ie, Bm < 1, is employed to calculate the effective potential
with the background method.!"*? The temperature range of in-
terest is approximately T =200-500K. For polymer, the
monomer size of order 107" m, corresponds to the length scale
1=10"°-10""m for the whole chain with the approximate
sound velocity v = 3x10° m-s . To estimate the magnitude, it
is reasonable to take

v=3x10° m-s_1, hv =1.97x10"° meV-m

T=200K, kT =17.2meV (18)
I=1x10"°m
Then, the maximum of Bm is estimated by
1.97x107° 4
m= ——— — = 1.15%x10 19
A 17.2x1x1078 19

which is negligibly small, much less the normal Bm range
107-107°

Notably, this approximation also holds for the chemical po-
tential u, where corrections are dominated by thermal fluctu-
ations. The chemical potential corresponds to the lamellar
thickness determined by the Gibbs-Thomson relation. The
correlation length satisfies &> 5%10°m and the Gibbs-
Thomson relation remains valid even under a supercooling of
100K. For a typical critical crystallization temperature
T=400K, a supercooling 100K, and a correlation length
&= 1x10"® m, the estimated Bu value in the critical region is

1475x107 3
BIJ_—ZS.SS =10 =10 (20)

Thus, the typical range is Bu = 107%-107. Although u is
relatively large compared with m, Bu remains small, ensuring
the validity of the infinite-long chain approximation and the
high-temperature expansion in loop calculations.

Different from the zero-temperature case,!l'! the Matsubara
summationl>2 at finite temperature not only introduces tem-
perature dependence but also yields contributions of order

O(m4(C1|n(m2/T2) + Cz)) which modify the vacuum energy.
C;, G, are constants determined by the vacuum energy
renormalization conditions.

For N=2let ¢ = 1?(¢1 + i¢,). The Lagrangian is then giv-
2
en by standard form of Coleman-Weinberg model,
1 v 1 A
L==F"Fy +5(09)'(D4) - m’¢'9 - Z(4'9)" 1)
With the introduced chemical potential for Dy = Dy — iy,
the Lagrangian becomes

L [,[m2 >m’ - “2] + uN (22)
where % is the particle number density given by conserved cur-
rent J% = —ég[(8“¢)rta¢ —(t"9)3"¢] for u=0. Assuming

m® =0, applying the background field method to the complex
ying g
scalar field, ¢ = ¢ + ¢, +ip,, leads to the expansion in the
Landau gauge € = 0,
A
L= - ( - uz)qfu - g§03l
1 v
+5A(0 + 26029 - 0,0, JA
+oq[ - ¥ - (_“2) - )\§0§|]¢1

2 2y A2
+ (/’2[ -0 = (~u) - §(ﬂcl]¢z
A g 2A 3 A 2A 2 A4
- 6(01 - ?‘/’cl% 3€01¢2 3 = P92 — 6(02

2,2 2
+g AP +g sz +2g° Amcoz

+ 4y¢28 2
where ¢ is the classical field and ¢,, ¢, are fluctuations inte-
grated out. The gauge fixing § = 0 also implies a,,A“ =0,soall
cross terms involving derivatives of A and ¢ vanish. The last term
4y¢260¢1 originates from the particle number density and con-
tributes the vacuum correlation. The mass parameters in the
above expression are

(23)

mf = —uz + )\(ps (24)
A

g = _IJ + 3(ﬂcl (25)

m; = 26°0; (26)

The perturbative effective potential at one-loop order is
given by

22 A
Vett = —H gocl"'g(ﬂcl

4 2 2T
M [Inm—+C + 2In4T — ZV} m
eamrzl m2 24
4 2 2
+ M2 |:Inm + G, + 2In4TT - 2)/} M2
eam2l o m2 24
3ma 2 m2T? (27)
+ [In + C, + 2In4TT - 2)/]
64112 M 8
2 2 m 2 27—2
+L{ ! [In—+C1 2 + 2In4Tr - ZV}
m? - m2 team?l M2 24
m3 [I M5 24 2indm 2}+m§T2}
_ nm2 _ NATT —
a2l m2 " Y[* 2

which only retalns those terms relying on u and ¢,. The coefﬁ-
cients C and M’ are determlned by the tree-level minimum ¢*

at T=0 with (p = 3”7, using the vacuum energy renormal-

ization conditions. Let

G =G =¢C (28)
M = m%((pd = (o*) =2’ (29)
692;12
2 2 *
M, = Mz(% =9 ) = (30)
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while Mg remains undetermined. The extremum condition
yields
Co =-2In41T+ 2y + % Cs = —2In41m + 2y — % (31
Since )\¢J§|~O(y2), the last term in Eq. (27) can be replaced
by the derivative with respected to /\(pi,:

2 2 A 2 2 A 2
all Sl 2?(o")[zln_“ t 5 8- KT
3212 2u? 5 6
The effective potential now becomes
22 A4
%ﬁ(wd, H T) = —H@at g
2
(=1 +290) ( 1 Agh 1
+ In + —)
6412 2u? 5
2 Aoy 2 A
( -0t _(pcl) U+ 30q
+ S| >+ g
64112 2u? 5
4 4 2 (33)
L 397a (In% _ 1)
16m2 \ 32 2
2A 2A
Hz( -+ ?(ﬂé) -+ ?ﬁﬂa 13
+ (2 n - —)
32m2 2u? 5
X (ﬁ .\ E) 2 WT
4 T8/ e
Here,Zthhe thermal mass arising from the scalar field is
ms = QT + % which can be verified by calculating the

scalar field thermal self-energy via the four-point vertexes.
Similar with the zero-temperature case, only the four-point
vertex contributes to the gauge field thermal self-energy in
the Landau gauge. The self-energy of the gauge field is given
by

M =~g*T Y [Di(K) + Dafk)] 26" (34)

Due to the only O(3) symmetry of the spatial rotation, the
determination of the thermal mass requires constructing the
four-dimensional tensor basis for the thermal self-energy us-
ing three-dimensional projection operators.[>2 It is worth not-
ing that a static condition to the self-energy is also added to
obtain equations for four unknown components, i.e., the fol-
lowing equation set,

NN, = 1N

2,0, = o
g =21+, + 11
M+ =200+ e

where N and Q denote the three- and four-dimensional mo-
menta, respectively. The subscripts L and T represent the three-
dimensional longitudinal and transverse polarizations, respec-
tively, while the superscript L corresponds to the four-dimen-
sional longitudinal component. The symbol C denotes the
mixed mode composed of both the three-dimensional and

four-dimensional longitudinal degrees of freedom. Thus, the re-
2

sulting thermal self-energy of the gauge field is % rather
2
than gT' since it is evenly distributed between the three-

dimensional longitudinal and the four-dimensional longitudinal
components. This ensures the three-dimensional transverse
modes to acquire the same thermal self-energy once the two
longitudinal d.o.f. are removed. As a result, all three polarization
directiogs of the vector field acquire the same thermal mass

mp = g2

In the infrared-stable regime of the RG flow with A < gz,
there are two relevant limits for coupling constants. For
A<3g° <1 and A < g° < 1, the O(1°T) terms are negligi-
ble and consequently all logarithmic terms are negligible. For
A< g’ <1, the logarithmic term of gauge-field vacuum
modification remains and affects the critical behavior. How-
ever, for A < 92 < 1, the critical behavior is changed by con-
sidering the next-leading-order corrections from ring resum-
mation.’2 The successive loops are involved in ring resum-
mation, giving rise to nonperturbative effects in shaping the
effective potential especially at high temperature.5? The cor-
rection from ring resummation is given by

T
8
where m; and m;r denotes the mass and thermal mass of arbi-
trary species i in the system; d; is the d.o.f. of species i. Substitut-
ing Eq. (36) yields the effective potential with subleading cor-
rections.

T 3
{Vlyfing=d mmlT 1217 |:( mj +mi%T)2 _mls] (36)

22 A
{Veff((/’cll H T) =~H pa+ g0a

L) (i K+ 1)
64T Y

A A
(- W+ §§0§|)2 (In—ﬂz + §¢§| 1 )

64T w5
39"p4 (n)kﬂ?. _ l)
16 \ 32 2
2 2
HZ(‘H2+?€0§|) —H2+?€ﬂ§| 13
T aw for 22 -5 (37)
+(g2T2 ATZ) sz2
7 T8/ T
T gT2 AT
el et (5 )
T T2 /\TZ%
1211( W dgg+ 4 18)

C AT T
S E e

81
_L(_2+A2+9T2 Eﬁ
o\ ~H F3PaF T T g

§;<zng)5<¥> Llagsi+ 2T

For A < 39 < 1, all logarithmic and secondary corrections
can be neglected as mentioned before. However, for A « gz,
the situation changes even with small coupling constants. In

this case, both the ring resummation and logarithmic terms
4

. . . . 9
must be retained in the quartic term, since 92

is not negli-

gible. As the quartic term becomes comparable to the
quadratic term and the non-perturbative ring corrections
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near small field values, their interplay can largely modify the
effective potential.

Nevertheless, it is difficult to tune these parameters to
make all these terms the same order of magnitude within the
classical field values. Even though the logarithmic term is im-
portant in the low-field regime, its contribution is suppressed
by the quartic mass prefactor. This implies that only two sepa-
rate cases need to be analyzed, which include only the loga-
rithmic and the ring resummation contribution separately. It
might be possible that these two contributions become com-

9g4

812\
even larger. These parameters are excessively restrictive and
even physically unrealistic, considering that gz/)\ approaches
the infrared stable regime.

parable for g <107, * « ¢* and = 0(0.1) — O(10) or

The Critical Behavior for Different Coupling Constants
Considering thermal masses only, the effective potential is giv-
en by

A uzT2
Vgt = (m7 = M2)¢§| + ‘(03 - (38)
6 6
2
)‘§0CI

where m? = %ngz + 11—8)\T2. Assigning x* = the effective

3u?’

4 2
potential is rewritten into ¢4 = %xz[z(m—; - 1) +x2]. The
u

potential is plotted as a function of Tin Fig. 2.

u

g A

FIAET

A< g2, the critical temperature reduces to T, = 2u/g. The ef-
fective potential has a non-zero minimum point below T, as
shown in Fig. 2, which changes continuously from zero to
non-zero at T.. Near the critical point, the effective potential
has a discontinuous second derivative with respect to tem-

perature,

Now the critical point is given by T, = , and for

(Veff(x)

4

22
temperature including only thermal-mass corrections with
m2/u’ =0.5,1.0,1.5and A < 3g°> < 1.

Fig. 2 The effective potential, divided by at finite

lim v (71 + ) = {71 - 1)) =
‘ (39)

3915 3, _ 3¢’
lim 5 (1 - 39°T) = =5
indicating the existence of a second-order phase transition. The
related u-T phase plane is divided into symmetrical phase and
broken phases simply by T..

Considering the logarithmic term, the effective potential is

given by

9" (I Mo 1)] s UT

12 2\ 2 A
rVeffz(Zg TZ_“)@CI+6|:1+8.IT2)\ “372—5 0o~~~ (40)
with
2
32
4
a=1-29_ 41)
16ATT?
gZ
b=2—2—26(—00,2)

the effective potential is rewritten as a function of x,

4
Vo = %X[U —a)x + 2axinx — b] (42)

where T, without the logarithmic term or by = 0 is no longer
the critical temperature, but the lower bound of the metastable
region. The first and second derivatives of the effective poten-
tial with respect to ¢, are

OVeit 2 b
et _ 5 2axinx — = 4
30, u (0C|(X+ axinx 2) (43)
Pl
9 (Vzeﬁ = uz[(6 +8a)x + 12axInx — b} (44)
a(pcl

The merging spinodal point is determined by simultane-
ously solving V' = 0 and V" = 0, namely,

X + 2axinx — g =0 (45)

(6 +8a)x + 12axinx —b =0 (46)

which gives the upper bound of the metastable region and the
corresponding field value. After substituting y = 1 + 2alnx into
Eqg. (45), using the Lambert W function (z = W(z)eW(z)) yields
by = —Xp = _4a—(1+20)/20.

The critical point is reached when a local minimum of
with x # 0 turns into a zero of the potential. This means that
the following equation

(1—a)x+2axinx—b=0 (47)
which has only one solution at the minimum point. Solving Eq.
(47) gives the critical point b, = fyin, = —2ae V' /% and the
corresponding field value x* = e "*/29 v . versus x'/? at dif-
ferent temperatures are plotted in Fig. 3.

For b > by, Vs shows a single minimum point x = x* (Fig.
3a). At b = by, the maximum point x = 0 becomes unstable,
and the system then goes into low-temperature metastable
region (Fig. 3b). As shown by Fig. 3(d), the temperature range
b, < b < b, corresponds to the high-temperature metastable
region, where the metastable phase is broken one x = x*.
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a b
(Veff rVeff
v b.<b<0
X
b>0
~_ 7 172
C d
Veft Vefr
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Veft Vefr
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Fig. 3 The effective potential including the logarithmic term in the quartic coupling at different temperatures, with parameters y = 1, a = 0.95,
and A = 1. Panels correspond to: (a) b > 0, (b) b, < b < by, (c) b = b, (d) b, <b < b, (€) b=b,, ) b<b,.

From Figs. 3(c) and 3(d) in the metastable region, the effec-
tive potential exhibits two minima and one maximum. The
transition from the metastable to the stable state is governed
by the potential barrier, characteristic of a nucleation mecha-
nism driven by thermal fluctuations. b, is the critical point
where the minimal point shifts from x = x" to x = 0 (Fig. 3¢). It
can be seen that around the critical point, the minimum of
the order parameter discontinuous shifts from x = x* to x = 0,
indicating a first-order phase transition throughout the nucle-
ation barrier. Similarly, the entropy change is

, i} 3bu* ab
As = Vg min(be ) = 3Vettmin(be ) = ~8ar T (48)
g'T.
Substituting b, = 2 - Z— and b = 2ae” " yields
2
3 -2 “1/2 (1+a)/2 92 IJ3
2, a— —(T1+a a J
As = 4e (1 + ae )/\ g (49)
and the latent heat
4
_ __H —(1+a)/2a —(1+a)/2a
Ah =T As = 3 [3e (1 +ae )} (50)

It is evident that Ah is determined by A, a and y, but inde-
pendent of b, which indicates the linear metastable bound-
ary in the u-T plane. For fixed arguments a, by decreasing g,
the upper bound and critical lines shift down quickly because
of a o< g4, while due to Ty o< g_1, the the lower bound line
does not rise up as rapidly as the upper bound line.

Considering ring resummation terms, the first order transi-
/\(05

tion is also given. With X = 32 the non-perturbative effec-
u

tive potential is expressed as below,

Ve = %(# —;12)x2 + 32—‘fx4
P ot - Tl 1) T
9211 2 % T 7T 22 ZTZ% v
* 3w (X _1) _ﬁ[“(x _1)+T
gur (69’ \3 T r6g’w’X g'T 13
16_11( 2 ) 'E[ x 6

For high temperature and long chain, and the order of cou-
pling constants, only the last term of the gauge ring resum-
mation is important. Thus, the effective potential can be fur-
ther simplified to

_ 3u2(ﬁ_ ) T (6gzuzxz)§ NEL) (52)

Vet = 5777 T wx

3
by (1+x)2 ~1+ %x for small x. The effective potential at dif-

ferent temperatures is plotted in Fig. 4(a). It can be observed
that at x = 0, ¢ shifts from a maximum to a minimum, indi-
cating a transition into the metastable region of the first-order
transition. The phase diagram of the non-perturbative effective
potential is shown in Fig. 4(b). The u-T plane is divided into

https://doi.org/10.1007/510118-026-3590-0
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b__ T, (tree)

— T, (coexistence)
--- T, (spinodal)
Metastable (T, - T,,)

Broken

u

Fig. 4 (a) The non-perturbative effective potential at different temperatures and (b) the corresponding phase diagram with A = 0.01, and
g2 = 0.1. Only the real part of the ring-resummation is retained, with Vi(x = 0) normalized to zero. The inset in (a) magnifies the region near

x = 0.Setting u = 1 effectively rescales all parameters.

three regions, where the metastable region is marked with the
shadowed area. It is unexpected to see that in this case, the criti-
cal lines are still linear and its dependence on g is similar with
the logarithmic case.

The logarithmic and ring resummation terms cannot coex-

ist. As the RG flow enters the regime A < g° < 1 with non-
4

negligible 97 the second-order transition changes into first-

order one with metastable regions, which requires gZT2~y2
(g~ Bu < 1). However, under the constraint A < g2 within
the high-temperature approximation, the coupling A must be
down to the order of 10™" for Bg~ 107>. When the coupling
O(/\)~1O_14 is extremely weak, the mean-field value for loga-
rithmic terms grows excessively, ie., x < 1, far beyond the
classical scale, which is hard to exist as the aforementioned
problem of parameter matching. Therefore, the phase transi-
tion induced by crystallization is supposed to be affected by
the cubic term in the effective potential from non-perturba-
tive thermal corrections, rather than the logarithmic vacuum
energy modification.

In this way, the type of the phase transition is determined
by g. Assuming that the coupling g can vary across orders of
magnitude with relatively small A, the variation of g can ac-
count for the emergence of long-range order in crystalliza-
tion. g variation can explain the previously reported 77 in
Gibbs-Thomson equation.[841 On the one hand, for large g,
the ordering process is first-order, corresponding to the de-
crease of T°, and the corresponding heat is increased with in-
creasing g. On the other hand, for the system going through
crystallization with g decreasing significantly by a-relaxation,
the ordering process is a second-order transition, and the cor-
responding heat is reduced at high enough temperatures
which can not be measured.

The relaxation of the crystallized melt is also related to g
variation in a similar way. Due to the g recovery before the
disordering process, the later transition is first-order with
large g. Thus a latent heat should be observed in the memory
effect. The boundary temperature between domains | and lla
is related to the upper bound of metastable regions in this
first-order transition. Increasing g can broaden domain lla,
which explains the entanglement dependence of boundary
temperature between domains | and lla.[27:3%

The implicit issue arises with the sequence of g variation in
the above two phenomena. During crystallization, the cou-
pling g either remains nearly unchanged or varies only slight-
ly at first and then drops rapidly once symmetry breaking oc-
curs. In the melting relaxation, g first grows large, with the
broken symmetry restored only afterward, corresponding re-
spectively to re-entanglement and the subsequent disorder-
ing process. Nevertheless, g undergoes a substantial change
by a-relaxation, of which the microscopic motion pattern is
exactly the soliton, related to the topological effect. This or-
dering is referred to the concept of topology protected by
symmetry, namely, one vacuum state with a topological
quantum number cannot be transformed into one unless the
symmetry breaks.[°2 However in this work, only the vibra-
tions and the gauge couplings are included. The writhe and
winding, and the translation of center of mass are not consi-
dered here, because the field model is an effective theory
with Dirichlet boundary condition and random walk assump-
tion, implying that a more complete theory related to more
d.o.f. of the string should be considered.

Crystallization States Determined by Conservation
Law

By crystallization, polymer changes from the amorphase state to
the ordered crystal state, which allows a clear classification by
the conservation of particles. The total particle number density
ny is a conserved quantity given by Nother theorem, which in-
cludes both the p-excited and background components, form-
ing a particle reservoir and can be written as

ng = lim l/dax?\f
Vooo V (53)
. 2
N=i(p'3op — o' 9) + 2A0|0|

Applying the Matsubara frequency expansion iwy = 21Tk/
T, k € Z gives

2 2
N= Zk 2wilpi|” + 2A0l 9 (54)

where the first term turns zero with the symmetry of summa-
tion over k. Assuming that Ay is spatially uniform, the total num-
ber density is

bk
o= 2A0fim, [ =1tk (55
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This indicates that the temporal component of the gauge
field acts as a chemical potential or background field.

The particles excited by u corresponds to crystalline chains
and thus is not conserved. The excited particle density can be
derived from the derivative respect to u of the effective po-

OV
ou
part or ordered part (n.) related to the ¢ -dependent terms
in 7. and thermally excited part or disordered part (ny,), as
explained in the calculation of the effective potential.

Knowing n and ng, the degrees of crystallinity and amor-

phous degree are defined as X, = nio, Xog=1-X.=1- 2

oo
Hence, the detailed states include 0

e amorphase: u=0, n=0;

e supercooled amorphase: u >0, n=0;

e supercooled amorphase + disordered crystal: n = ny, <
No;

e supercooled amorphase + disordered crystal + ordered
crystal: n = n. + ny, < ng;

e supercooled amorphase + ordered crystal: n = n. < ng;

e pure disordered crystalline: n = ny, = ng;

e ordered crystal + disordered crystal: n = n. + ny, = ng;

e ordered crystal: n = n. = ng.

As mentioned in Section Renormalization Group, O(2)
symmetry is the most important feature of the random-walk
string, where the folded-chain state is referred as the unbro-
ken case. Thus, the ordered and disordered crystals corre-
spond to the folded-chain and extended-chain crystals, re-
spectively.

The observed persistence of supercooled amorphase indi-
cates that there is the possible dynamic effect, which can be
discussed cursorily with a phenomenological Gibbs free ener-
gy. The Gibbs free energy density of crystallized polymer is
then generalized as G = un + pyng + pyp(no — n). The first
term represents the crystalline contribution, where u can be
chosen as Gibbs-Thomson type or double-potential well type
for the crystalline-amorphase coexistence. The second term is
the configurational entropy of crystalline-amorphase coexis-
tence, where y,,, has a typical Flory-Huggins mixed free ener-
gy with the solution-solvent parameter set to zero. The third
term corresponds to a possible topological contribution, as-
suming intuitively that only the amorphase carries nonzero
topological charge (ny — n). Since topological charge cannot
arise from the instanton solution of the gauge field kinetic
term in boundaryless Euclidean spacetime,*34461] there
might be an additional topological term in Lagrangian by di-
mensional reduction at finite temperature,’63 or other period-
ic boundary conditions.

. It can be further divided into condensed

tential n = —

CONCLUSIONS

In this work, polymer crystallizaiton is modeled considering the
microscopic dynamics symmetry, which is described by self-
avoiding random string field theory with gauged O(N) symme-
try in dimension d =3 + 1 with N = 2. Within this model, the
SO(N) gauge field accounts for the entanglement in the bulk.
The number of replica components N is fixed at 2 by the re-
quirement of infrared stability and unconfined charge, thus this
scalar-gauge theory is simplified to Coleman-Weinberg model.

By invoking SSB induced by crystallizaiton, this model is extend-
ed to the grand canonical ensemble at finite temperature, with
the chemical potential representing crytals. With the modifica-
tion of ring resummation and large gauge coupling constants g,
the formation mechanism of the long-range order changes
from the second-order phase transition at zero temperature in-
to a weak first-order transition with metastable region. This g
dependence of the long-range order improves the unstanding
on the variation of extrapolated temperatures in Gibbs-Thom-
son equation and, the reentanglement and disorientation in
melt relaxation. Morevoer, a clear definition of crystallinity is de-
rived from the developed scalar conservation, which is con-
trolded by the chemical potential u in the grand canonical en-
semble. This effective U(1) scalar-gauge theory also provides
the available model for more degrees of freedom that is re-
ferred to the chain's writhe, winding and the whole chain's
translation.
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